Abstract. In this paper we study the automorphisms group of some K3 surfaces which are double covers of the projective plane ramified over a smooth sextic plane curve. More precisely, we study the case of a K3 surface of Picard rank two such that there is a rational curve of degree d which is tangent to the sextic in d points.
Introduction K3 surfaces which are double covers of the plane ramified over a plane sextic are classical objects. In this paper we determine the automorphisms group of some of these surfaces. More precisely, we restrict to the case of Picard rank two. Moreover we suppose that there is a rational curve of degree d which is tangent to the sextic in d points. The result is that K3 surfaces of this type with d odd have automorphisms group isomorphic to Z 2 . We first analize the case d = 3 in full details to better explain the results and the methodology we have used. Then we study the case with d odd for which the situation is not substantially different from the previous one. The automorphisms of a K3 surface are given by the Hodge isometries that preserve the Kähler cone (see [2] , VIII.11). Thus, the strategy to study the automorphism of a K3 surface X is to determine its Kähler cone and the Hodge isometries of H 2 (X, Z) which preserve it.
To do this, we first determine the isometries of the Néron-Severi lattice NS(X) which preserve the Kähler cone and then we study the gluing conditions on the transcendental lattice T (X), since H 2 (X, Z) =
NS(X) ⊕ T (X).
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In the preliminary Section 1 we introduce some basic material on lattices and K3 surfaces. In section 2 we give explicitly the Néron-Severi lattice of the K3 we are interested in. In section 3 we start our work on the case d = 3 following the strategy explained before. We determine the Kähler cone in Prop.3.1 and the automorhisms group of the Néron-Severi lattice in Prop.3.2 using some basic facts on the generalized Pell equation a 2 − 13b 2 = −4. Finally, we derive in Theorem3.3 that the automorhisms group of the surface is isomorphic to Z 2 analyzing the gluing condition on the transcendental lattice. Using similar methods we obtain the same result for d odd in Theorem4.1. 
Given a lattice (L, <, >) we can construct the lattice (L(m) <, > m ), that is the Z-module L with form < x, y > m = m < x, y > . An isometry of lattices is an isomorphism preserving the bilinear form.
Given a sublattice L ֒→ L ′ , the embedding is primitive if L ′ L is free. Two even lattices S, T are orthogonal if there exist an even unimodular lattice L and a primitive embedding S ֒→ L for which (S)
1.2. K3 surfaces. A K3 surface is a compact Kähler surface with trivial canonical bundle and such that its first Betti number is equal to zero. Let U be the lattice of rank two with quadratic form given by the matrix 0 1 1 0 and let E 8 be the lattice of rank eight whose quadratic form is the Cartan matrix of the root system of E 8 . It is an even, unimodular and positive definite lattice.
It is well known that H 2 (X, Z) is an even lattice of rank 22 and signature (3, 19) isomorphic to the lattice
that we will call, from now on, the K3−lattice. Denote with NS(X) ∼ = H 2 (X, Z) ∩ H 1,1 (X) the Néron-Severi lattice of X and with T (X) the
, is the rank of NS(X). The Hodge Index Theorem implies that NS(X) has signature (1, ρ(X) − 1) and that T (X) has signature (2, 20 − ρ(X)).
We will use the following result: Denote with ∆ the set of the classes of the (−2)-curves in NS(X) and with C ⊂ NS(X) ⊗ R the connected component of the set of elements x ∈ NS(X) ⊗ R with x 2 > 0 which contains an ample divisor. The
Kähler cone is the convex subcone of C defined as
We will also use the following
The Kähler cone is given by
The surfaces X d
It is well known that a surface which is a double cover of the projective plane ramified over a smooth sextic plane curve is a K3 surface. We restrict to the case when the Néron-Severi lattice has rank two and such that there is a rational curve of degree d which is tangent to the sextic in d points. Let X d be such a surface. We suppose that X d is general. The Néron-Severi lattice of X d has quadratic form given by
We denote this lattice L d . It is has segnature (1, 1). Our aim is to compute the automorphisms group of X d We start with the case d = 3.
Case d = 3
We want to study now the automorphisms group of a K3 surface X 3 of rank two which is a double cover of the plane ramified over a smooth sextic which has a rational tritangent cubic. Such a surface has a Néron-Severi lattice L 3 given by the matrix
3. 
2 such that:
Proof. We have first to determine the classes of the (−2)−curves on X 3 that is the set ∆ ⊂ NS(X 3 ) :
The condition D 2 = −2 means that we have to determine the integer solutions of the equation
We write x 2 + 3xy − y 2 = (x − αy)(x −ᾱy), with α = −3+ √ 13 2
, and α = −1) . Now, we can determine C + that is, following Prop.1.2, the set
This means that we are looking for the elements w = (x, y) such that Q 3 (w, η) > 0 and Q 3 (w,η) > 0, thus we obtain the statement.
3.2.
The automorphisms group. Denote with T 3 the transcendental lattice of
we start studying the isometries of L 3 , then we'll identify the ones preserving the ample cone and finally we'll analyze the gluing conditions on T 3 .
First, we note that there exists a primitive embedding L
but it is not unique. So one can have another embedding L 3
Proof. The group of isometries of L 3 are given by
By direct computations one obtains matrices of the following form
where the (a, b) are solutions of the generalized Pell equation
A standard result on Pell equations and on fundamental units, see for example [1] and [3] , says that the solutions are (±a n , ±b n ) with
, n ∈ N and (a 0 , b 0 ) is the pair of smallest positive integers satisfying the equation. In our case the pair of smallest positive integers that satisfy the Pell equation (2) is (a 0 , b 0 ) = (3, 1). Notice that a 0 + √ 13 b 0 2 = η and then we can obtain solutions (a n , b n ) by recurrence multiplying by η 2 . By direct computations:
Moreover, if (a n , b n ) gives rise to the matrices P ± (an,bn) , Q ± (an,bn) , then the couples (a n , −b n ), (−a n , b n ), (−a n , −b n ) give rice to the matrices bn) ) respectively. We write P 
. Set p and q for the automorphism of L 3 corresponding to Q + 0 and Q − 0 respectively. Thus we have showed that the group O(L 3 ) can be described as p * q . Proof. We are looking for Hodge isometries of H 2 (X 3 , Z) which preserve the ample cone. From the generality of X 3 we may assume that the only Hodge isometries of T 3 are ±I. Thus, we have first to identify the elements in Aut(L 3 ) which preserve the Kähler cone and then we impose a gluing condition on T 3 , since the isometries we are looking for have to induce ±I on T 3 . Note first that −I ∈ Aut(L 3 ) can not preserve the ample cone. We have from Prop.3.1 that the Kähler cone is isomorphic to the chamber delimited by H Dη ∼ = R + v and H Dη ∼ = R + w where v = (2, 3) and w = (11, −3). An easy computation shows that the elements in Aut(L 3 ) having this property are the ones generated by −q which forms a Z 2 . A direct computations gives that −q satisfy the gluing condition on T 3 .
Case d odd.
In this case we have a K3 surface with Néron-Severi lattice L d of rank two given by the matrix
is a double cover of the plane ramified over a smooth sextic tangent to a rational curve of degree d. Following the same strategy adopted for the case d = 3, we obtain Proof. We compute
and we obtain matrices of the following form
where the (a, b) are solutions of the Pell equation
When d is odd, by theory on Pell equation the situation is analogous to the one of Prop.3.2 that is, all solutions can be generated from the minimal positive solution.
This means that Z[
that if (a n , b n ) is a solution of (3), then (a n+1 , b n+1 ) is obtained by multiplying by η 2 . By direct computations, the solutions are obtained by recurrence
The pair of smallest positive integers that satisfy the Pell equation (2) is (a 0 , b 0 ) = (d, 1). We write R respectively. The group O(L d ) can be described as r * s . We obtain that the Kähler cone is isomorphic to
and, as before, the only automorphism of the Néron-Severi lattice which preserves the cone is −s and it satisfies the gluing condition on T d .
